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ABSTRACT

The purpose of this paper is to review the limitations of

the quadratic specification of multiproduct cost functions for

estimating long-run cost functions. The cubic cost function is

offered as an alternative functional form with desirable

economic properties for estimating long-run cost function. It is

applied to gas and electric company data, and the results are

compared to biased estimates obtained with the quadratic cost

function. Given its properties, the cubic functional form is

recommended instead of the quadratic for future empirical work.



1. Introduction

An understanding of cost structures is important for

managerial decision-making and for public policy purposes.

Businessmen are interested in the cost consequences of expanding

output or of adding a new product to the output mix. Regulators

are concerned with the extent of economies of scale and scope-

so that least-cost industry configurations can be established via

entry restrictions or the encouragement of new entry. Thus, many

empirical studies attempt to estimate cost structures of

industries.

The choice of which functional form should be employed for

estimating cost function depends on data availability,

assumptions of firm I s behavior, and the purpose of the study.

When a functional form is specified for estimating cost function,

care must be taken not to make a specification error. since

Baumol, Panzar, and Willig (BPW) [1] recommended the quadratic

cost function to estimate economies of scale and scope, several

empirical studies have utilized this quadratic specification. To

date, no question has been raised about whether the quadratic

cost function is flexible enough for estimating economies of

scale and scope. The quaqratic cost function may be appropriate

for estimating short-run cost function, but it is not suitable

for long-run cost function estimation. This paper examines

limitations of the quadratic specification for estimating the
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long-run cost function, and then propose an alternative, the

cubic cost function which is a more general characterization for

estimating economies of scale and scope.

2. The quadratic or the cubic.

The quadratic cost function is a second order local

approximation to an arbitrary cost function. The quadratic cost

function is written as

C(y,w) = aO + ~iaiYi + ~jPjWj + 1/2*~i~kTikYiYk

+ 1/2*~j~lOilWjWl + ~i~j¢ijYiWj (1)

where Tik = Tki, and Ojl = 0lj.

In order to impose the homogeneity cohdition needed for cost

minimization, Braunstein and Pulley [2] suggested an

alternative modified quadratic cost function such as

C(y,W) = g(w) [aD + ~iaiYi + 1/2*~i~kTikYiYk ] (2)

where w is a vector of input prices and g(w) is assumed to take

Cobb-Douglas form. Outputs and input prices are separable in

this cost function.

This quadratic cost functional form can be used to specify a

short-run cost function, but it is not a proper model for

estimating long-run cost function since it rules out the

possibility of U-shaped long-run average cost. The proper

functional form for the long-run cost function should allow for

concavity at low output levels and convexity at high oatput

levels. The cubic cost function, which is a third-order
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approximation to an arbitra~y cost function, is a proper

functional form for the long-run cost function. l This function

can be convex, concave, or concave and convex in output

variables. In a two output case, the cubic cost function is

written as

C(y,w) = g(w) [ao + alYl + a2Y2 + l/2*~llYl2 + ~l2YlY2 +

1/2*~22Y22 +1/6*1llYl3 + l/2*1l2YlY2 2 +

1/2*12lY2Yl2 + l/6*122Y2 3 ] (3)

The cubic cost function describes the proper shape of long-run

cost structure so that it ensures the possibility of U-shaped ray

average cost and average incremental costs. since the second-

order interactive variable is enough to represent joint

production, the third-order interactive variables are not

necessary. Hence without third-order interactive variables, the

cubic cost function is rewritten as

C(y,w) = g(w) [aO + alYl + a2Y2 + l/2*~llYl2 + ~l2YlY2 +

l/2*~22Y22 +l/6*1l1Yl3 + l/6*122Y2 3 ] (4)

3. An application to gas and electric utilities.

Based upon BPW's mUltiproduct cost concepts, Mayo [6]

estimated economies of scale and scope for gas and electric

1 The translog cost function not only satisfies regularity
conditions but also is flexible. However, the cubic cost function
is proposed because the translog approximation is less accurate
than the cubic approximation in terms of output variables unless
true underlying cost function is the translog. Also, it does not
include easily tractable parameters to represent economies of
scale and scope.
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utilit~es by utilizing the quadratic cost function. He reported

that overall economies of scale are almost exhausted for the gas

and electric utilities. Product-specific diseconomies are

pervasive for the electric utilities while product-specific

economies are pervasive for the natural gas utilities.

Diseconomies of scope are present for the firms which provide

both electricity and natural gas utilities. After Mayo's paper,

Chappell and Wilder [4] also employed the quadratic functional

form and replicated and extended Mayo's study by excluding

nuclear-intensive firms from the sample.

Since the cubic functional form is a better specification of

the long-run cost function, we use it to estimate the long-run

mUltiproduct cost function, assuming that in the long-run the

firms are able to adjust inputs: labor, material, fuel, and

capital. For the estimation, we will employ both the quadratic

and cubic specifications to compare results of both models. The

long-run cost function is estimated by ordinary least squares.

3.1 Data

The 1983 cross-section data were taken from the Financial

statistics of Selected Electric'utilities (1983), Moody's Public

utility Manual (1984), and Brown's Directory of North American

and International Gas Companies (1984). Of 225 firms whose data

were available, 132 were utility firms which only provided

electricity, 41 were natural gas distributors, and 52 were

combination utility firms providing both electricity and natural

gas.
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Total cost is defined as the sum of operating expenses,

maintenance expenses, depreciation, and return on capital.

Electricity output is measured by total million kilo watt hour

(MKWH) sales, while natural gas output is measured by thousand

million cubic feet (MMCF) sales. We exclude input prices as

explanatory variables in this model as previous studies did. The

characteristics of the data are described in Table 1.

3.2 Quadratic model

The long-run cost function is written as

C = C(y,w)

where y is a vector of outputs and w is a vector of input prices.

Assuming constant input prices, the quadratic cost function is

written as

C = ao + a1Yl + a2Y2 + ~1Y12 + ~2Y1Y2+ ~3Y22 + € (5)

Since we are estimating the long-run cost function, the intercept

term QO should not be interpreted as fixed cost. Mayo

misinterpreted the intercept term as fixed cost, as he added

dummy variables in the quadratic model to capture the difference

of fixed costs depending on which subset of outputs is produced.

He labeled this formulation a flexible fixed costs quadratic

model. This characterization is inappropriate since aO is not the

fixed cost of production.

The results of estimating long-run cost function are

similar to those obtained by Mayo. The estimated parameters are

reported in Table 2. For firms specializing in electricity, the

estimated cost function is convex, while for firms specializing
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in natural gas distribution, it is concave. The positive

estimated parameter of squared electricity output implies

product-specific diseconomies for the electricity utilities. The

negative estimated parameter of squared gas output implies that

product-specific economies for gas utilities prevails globally.

This result is mainly due to the misspecification of the long-run

cost function. The measurement of degree of economies of scale

and scope are shown in Table 3.

3.3 Cubic model

The cubic functional form is close to true cost function,

where the cubic cost function is written as

C = aO + alYl + a2Y2 + ~lY12 + ~2YlY2 + ~3Y22 + TlY13 +

T2Y2 3 + € (6)

The estimated parameters are reported in Table 4. The

coefficient of cubed gas

while the coefficient

output is

of cubed

statistically significant

electricity output is

statistically insignificant. An F-test was conducted to determine

whether the coefficients of additional cubed variables are

statistically significant; they are at the 5 % level.

The estimated cost function has a proper shape: it is

concave at the level of small outputs and it is convex at the

level of high outputs. The estimated cost function shows that

ray average cost and average incremental costs are U-shaped.

Thus, overall economies of scale and product-specific economies

will.gradually be exhausted as the level of outputs is increased.

The public utilities enjoy overall economies of scale up to the
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levels of average outputs of this industry. Product-specific

economies of scale appear for both the electricity output and

natural gas output. Product-specific economies of scale for

electricity are prevalent up to the level of 10,000 MKWH.

Product-specific economies for natural gas prevail over the

observed range of outputs. The overall economies of scale and

product-specific economies of scale of the cubic model are

significantly different from those of the quadratic model.

Diseconomies of scope for the electric and gas utilities prevail

over almost all output levels. The positive estimated parameter

of the interaction variable implies weak cost discomplementarity

between electricity and gas. Since the intercept term ao is

relatively small, the extent of economies (or diseconomies) of

scope largely depend on the parameter of the interaction

variable. The estimates of economies of scale and scope for the

cubic model are reported'in Table 5.

4. Conclusion

Clearly the correct model specification is important in

estimating cost functions. The quadratic specification resulted

in biased estimates of long-run cost functions. This paper

proposed the cubic functional form for the estimation of the

long-run cost function since it describes the proper long-run

cost function. The cubic specification yields unbiased estimates

of the long-run cost function for electricity, gas, and
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combination utilities. Overall economies of scale for pUblic

utilities are prevalent up to the levels of average outputs. The

results are significantly different from those of previous

studies, which reported the presence of overall diseconomies of

scale. The new results are offered as a methodological

improvement over past studies. Given the importance of thoughtful

public pOlicy in the energy industries, decision-makers need to

be aware of the sensitivity of past results to specification

error.
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Table 1. Characteristics of the Data.

Sample Means

Variable Full Sample Electricity Gas Combination
(225) (132) ( 41) (52)

Cost 555,590 481,793 264,660 972,309
(000$)

El 8,214 9,575 0 11,237
(MKWH)

Gas 24,583 0 65,507 54,722
(MMCF)

MKWH: Million Kilo Watt Hour

MMCF: Thousand Million Cubic Feet

Table 2. Estimated Parameter (Quadratic Model)

Variable

intercept

EL

GAS

EL2

GAS 2

EL-GAS

R2

EL: MKWH

GAS:MMCF

Parameter estimate

68397.685

38.530140

2.9975350
4

2.47599*10-

-2.03495*10-8

1.16882*10-4

0.9087

T-ratio

2.699

10.444

5.140

3.429

-0.027

8.759
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Table 3. The Degree of Economies of Scale and Scope (Quadratic Model)

Gas output

25,000 50,000 75,000 100,000 150,000 200,000

El output Degree of Overall Economies of Scale

2,500 1.28813 1.15716 1.09117 1.05142 1.00593 0.98066

5,000 1.12763 1.04565 0.99822 0.96732 0.92949 0.90723

7,500 1.05017 0.98519 0.94479 0.91725 0.88214 0.86071

10,000 1.00243 0.94595 0.90920 0.88339 0.84954 0.82834

15,000 0.94319 0.89575 0.86310 0.83925 0.80677 0.78568

20,000 0.90511 0.86305 0.83305 0.81059 0.77918 0.75828

Degree of Product-specific Economies of Scale-El

2,500 0.98592 0.98716 0.98819 0.98907 0.99049 0.99158

5,000 0.97262 0.97496 0.97693 0.97861 0.98133 0.98344

7,500 0.96003 0.96336 0.96617 0.96859 0.97251 0.97556

10,000 0.94809 0.95231 0.95589 0.95898 0.96401 0.96794

15,000 0.92598 0.93172 0.93664 0.94089 0.94789 0.95341

20,000 0.90595 0.91293 0.91894 0.92418 0.93286 0~93975

Degree of Product-specific Economies of Scale-Gas

2,500 1.00015 1.00030 1.00045 1.00060 1.00089 1.00119

5,000 1.00013 1.00026 1.00040 1.00053 1.00080 1.00106

7,500 1.00012 1.00024 1.00036 1.00048 1.00072 1.00096

10,000 1.00011 1.00022 1.00033 1.00043 1.00065 1.00087

15,000 1.00009 1.00018 1.00028 1.00037 1.00055 1.00074

20,000 1.00008 1.00016 1.00024 1.00032 1.00048 1.00064

Degree of Economies of Scope

2,500 0.22978 0.14026 0.08694 0.05155 0.00750 -0.01886

5,000 0.13019 0.05703 0.00916 -0.02459 -0.06906 -0.09705

7,500 0.07689 0.00871 -0.03845 -0.07301 -0.12028 -0.15111

10,000 0.04398 -0.02247 -0.07017 -0.10607 -0.15653 -0.19031

15,000 0.00605 -0.05950 -0.10883 -0.14730 -0.20342 -0.24240

20,000 -0.01459 -0.07991 -0.13054 -0.17093 -0.23134 -0.27437

EL: MKWH

GAS:MMCF
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Table 5. The Degree of Economies of Scale and Scope (Cubic Model)

Gas output

El output 25,000 50,000 75,000_ 100,000 150,000 200,000

Degree of Overall Economies of Scale

2,500 1.15141 1.13579 1.16121 1.20518 1.32756 1.48346

5,000 1.07715 1.05983 1.07101 1.09539 1.16466 1.24674

7,500 1.03966 1.01729 1.01871 1.03128 1.07215 1.11999

10,000 1.01537 0.98883 0.98350 0.98830 1.01167 1.04023

15,000 0.98017 0.94893 0.93561 0.93127 0.93482 0.94313

20,000 0.94892 0.91674 0.89986 0.89099 0.88459 0.88318

Degree of Product-specific Economies of Scale-EL

2,500 1.00501 1.00461 1.00428 1.00399 1.00351 1.00313

5,000 1.00763 1.00702 1.00651 1.00606 1.00533 1.00476

7,500 1.00778 1.00716 1.00663 1.00617 1.00543 1.00484

10,000 1:.00543 1.00500 1.00463 1.00431 1.00379 1.00338

15,000 0.99341 0.99393 0.99438 0.99476 0.99539 0.99588

20,000 0.97243 0.97455 0.97637 0.97794 0.98054 0.98258

Degree of Product-specific Economies of Scale-Gas

2,500 1.05772 1.12376 1.19960 1.28698 1.50437 1.79177

5,000 1.05366 1.11406 1.18213 1.25882 1.44157 1.66573

7,500 1.05013 1.10577 1.16747 1.23569 1.39268 1.57430

10,000 1.04703 1.09860 1.15499 1.21636 1.35353 1.50496

15,000 1.04186 1.08684 1.13489 1.18586 1.29476 1.40673

20,000 1.03772 1.07758 1.11941 1.16290 1.25275 1.34050

Degree of Economies of Scope

2,500 0.10286 0.04735 0.01814 -0.00086 -0.02627 -0.04484

5,000 0.04832 -0.00099 -0.03118 -0.05288 -0.08495 -0.11054

7,500 0.01826 -0.03095 -0.06362 -0.08828 -0.12618 -0.15713

10,000 -0.00084 -0.05137 -0.08661 -0.11394 -0.15674 -0.19191

15,000 -0.02369 -0.07733 -0.11689 -0.14851 -0.19887 -0.24017

20,000 -0.03672 -0.09283 -0.13557 -0.17031 -0.22606 -0.27159

EL: MKWH

GAS: MMCF
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Table 4. Estimated Parameter (Cubic Model)

variable

Intercept

EL

GAS

EL2

GAS2

EL-GAS

EL3

GAS 3

R2

EL: MKWH

GAS: MMCF

Parameter estimate

40625.707

44.49814

5.656447

-1.19870*10-4

-1.13109*10-5

4
1.16468*10-

4.7012*10-9

1.1250*10-11

0.9121

11

T-ratio

1.424

5.796

5.152

-0.284

-2.785

8.630

0.891

2.809
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